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THE SETTING: CONVEX POLYTOPES

P = conv{pi,...,pn} C R

» always convex
» general dimension d > 2
> general geometry & combinatorics (not only simple/simplicial /lattice/...)

» always of full dimension
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COMBINATORICS OF POLYTOPES

edge-graph ... Gp := { vertices and edges of P }
skeleton ... embedding p : Gp — R? of the edge-graph
face lattice ... F(P) := { faces of P ordered by inclusion }
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WACHSPRESS OBJECTS




Wachspress objects

WACHSPRESS OBJECTS

"A family of objects that appear as bridges between algebra, geometry and
combinatorics”

Wachspress coordinates
Wachspress variety
Wachspress ideal
Wachspress map
adjoint polynomial
adjoint hypersurface

lzmestiev matrix

vVvyVvyVvyVvyVvYvyy
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Wachspress objects

(GENERALIZED BARYCENTRIC COORDINATES

|

Generalized barycentric coordinates (GBCs): a: P — A, satisfy

Zai(x)pi =z (linear precision)
2
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Wachspress objects

(GENERALIZED BARYCENTRIC COORDINATES

Generalized barycentric coordinates (GBCs): a: P — A, satisfy
Zai(x)Pi =z (linear precision)

There are ...
» harmonic coordinates,
» mean value coordinates,
> .

» Wachspress coordinates (\Wacispiiss 1975 Warrey, 1996)

University of Warwick - Martin Winter 4 /27



Wachspress objects

(GENERALIZED BARYCENTRIC COORDINATES

Generalized barycentric coordinates (GBCs): a: P — A, satisfy

Z ai(z)pi =

There are ...
» harmonic coordinates,
» mean value coordinates,
> ...
» Wachspress coordinates

... have many non-trivially equivalent definitions
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Wachspress objects

THE MANY FACES OF WACHSPRESS COORDINATES

l. Unique rational GBCs of lowest possible degree (\Wirnrin, 2003)

az(a:) = where q(x) = Z pi(x) ... adjoint polynomial

» there are not always polynomial GBCs
> degree = #facets — d
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Wachspress objects

THE MANY FACES OF WACHSPRESS COORDINATES

l. Unique rational GBCs of lowest possible degree

» there are not always polynomial GBCs
> degree = #facets — d
» Wachspress variety
L Vi=im(a) C A,
> Wachspress ideal ... I(V)
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Wachspress objects

THE MANY FACES OF WACHSPRESS COORDINATES

Il. Relative cone volumes (Ju et al., 2005)

polar dual ... P°:={z € R? | (x,p;) < 1forallicV(Gp)}.

Pi F°

0 = vol(FY)
" lpsll vol(Pe)
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Wachspress objects

THE MANY FACES OF WACHSPRESS COORDINATES

I1l. From spectral embeddings of the edge-graph (V. 2023)

0 € Spec(A) = wuq,...,uq € Eigy(A)

‘ ‘ - P1 —
£ UL o U | = : eRnXd
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Wachspress objects

THE MANY FACES OF WACHSPRESS COORDINATES

I1l. From spectral embeddings of the edge-graph
0 € Spec(A) = wuq,...,uq € Eigy(A)

‘ ‘ - P1 —
£ UL o U | = : eRnxd

> A polytope skeleton is a speetrat-embedding of the edge-graph w.r.t. some
weighted adjacency matrix M

;= Z Mij
J
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Wachspress objects

THE MANY FACES OF WACHSPRESS COORDINATES
IV. Via a variation of volume
P°(c) :=={zx € R | (z,p;) < c; foralli e V(Gp)}.

where ¢ = (¢, ..., ¢p) € R™.

OO
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Wachspress objects

THE MANY FACES OF WACHSPRESS COORDINATES
IV. Via a variation of volume

P°(c) :=={zx € R | (z,p;) < c; foralli e V(Gp)}.
where ¢ = (¢4, ...,¢n) € R”™. Expand vol(P°(c)) at ¢ = 1:

vol(P°(c)) = vol(P°) + (d,e —1) + 2 (c —1) " M/ (c — 1) + -

OO
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Wachspress objects

WACHSPRESS COORDINATES ACROSS DISCIPLINES

» adjoint polynomial g cuts out minimal
degree surface that passes through “external
non-faces”

» algebraic statistics

> moment varieties of polytopes
> Bayesian statistics

> intersection theory (computing Segre classes of monomial schemes)

> P with adjoint polynomial is a positive geometry (cf. the amplituhedron
from theoretical physics)

» has also been defined on polycons and smooth convex bodies

» lzmestiev matrix has been used

> to encode polytopal symmetries in colorings of the edge-gaph
> for progress on the Hirsch conjecture
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RECONSTRUCTION OF POLYTOPES
FROM PARTIAL DATA




Reconstruction of polytopes

RECONSTRUCTION OF POLYTOPES

“In how far is a polytope determined by partial combinatorial and geometric
data, up to isometry, affine transformation or combinatorial equivalence?”

SlA0)n
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Reconstruction of polytopes

RECONSTRUCTION OF POLYTOPES

“In how far is a polytope determined by partial combinatorial and geometric
data, up to isometry, affine transformation or combinatorial equivalence?”

SlA0)n

» Does the edge-graph determine the combinatorics? No.

» Does combinatorics + edge-lengths determine the geometry? No.
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Reconstruction of polytopes

FLEXIBLE POLYTOPES

University of Warwick - Martin Winter 11 /27



Reconstruction of polytopes

TWO OPPOSING EFFECTS ...

Simple polytopes:
» combinatorics can be reconstructed
» geometry cannot be reconstructed

Simplicial polytopes:
» geometry can be reconstructed, once combinatorics is known

> combinatorics cannot always be reconstructed (e.g. cyclic polytopes)
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Reconstruction of polytopes

TWO OPPOSING EFFECTS ...

Simple polytopes:
» combinatorics can be reconstructed
» geometry cannot be reconstructed

Simplicial polytopes:
» geometry can be reconstructed, once combinatorics is known

> combinatorics cannot always be reconstructed (e.g. cyclic polytopes)

. what additional data is needed to permit a reconstruction?
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RECONSTRUCTION OF
POINTED POLYTOPES

“Rigidity, Tensegrity and Reconstruction of Polytopes under Metric Constraints”
(arXiv:2302.14194, accepted at IMRN)



Rigidity of pointed polytopes

POINTED POLYTOPES
:= polytope P C R¢ + point zp € R?

radius

rp
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Rigidity of pointed polytopes

POINTED POLYTOPES
:= polytope P C R¢ + point zp € R?

radius

rp

Conjecture. (W., 2023)

A pointed polytope P with xp € int(P) is uniquely determined (up to isometry)
by its edge-graph, edge lengths and radii.

implies e.g. reconstruction of matroids from base exchange graph
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Rigidity of pointed polytopes

POINT IN THE INTERIOR IS NECESSARY ...

Conjecture. (W., 2023)

A pointed polytope P with xp € int(P) is uniquely determined (up to isometry)
by its edge-graph, edge lengths and radii.
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Rigidity of pointed polytopes

TENSEGRITY VERSION

Conjecture. (W., 2023)

If P C R and Q C R® are pointed polytopes with the same edge-graph and
(i) 7q € int(Q)
(ii) edges in Q) are at most as long as in P,

(iii) radii in @ are at least as large as in P,

then P and ) are isometric.

“A polytope cannot become larger if all its edges become shorter.”

D
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Rigidity of pointed polytopes

CONJECTURE HOLDS IN SPECIAL CASES (W., 2023)

The conjecture holds in the following cases:

l. Q is a small perturbation of P

> one can replace Q by a graph embedding ¢: Gp — R?

1%

locally rigid as a framework

Il. P and @ are centrally symmetric
» one can replace @ by a centrally symmetric graph embedding ¢: Gp — R®

universally rigid as a centrally symmetric framework

Ill. P and @Q are combinatorially equivalent
» in particular true for polytope of dimension d < 3
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CONJECTURE HOLDS IN SPECIAL CASES (W., 2023)

The conjecture holds in the following cases:

l. Q is a small perturbation of P
> one can replace Q by a graph embedding ¢: Gp — R?

~

= |ocally rigid as a framework

1771

P c R¢ Q C R¢ q:Gp — R

/
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Rigidity of pointed polytopes
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Rigidity of pointed polytopes

(GENERAL GRAPH EMBEDDING VERSION IS FALSE
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Rigidity of pointed polytopes

WARMUP: SIMPLICES

P,Q c R? simplices,
(i) 0 € int(Q),
(i) edges in @ are at most as long as in P.

(iii) radii in @ are at least as large as in P.
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Rigidity of pointed polytopes

WARMUP: SIMPLICES

P,Q c R? simplices,
(i) 0 € int(Q),
(i) edges in @ are at most as long as in P.

(iii) radii in @ are at least as large as in P.

Proof.
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Rigidity of pointed polytopes

WARMUP: SIMPLICES

P,Q c R? simplices,
(i) 0 € int(Q),
(i) edges in @ are at most as long as in P.

(iii) radii in @ are at least as large as in P.

Proof. For a € A, holds

Z%HMHQ = H Z Qipi
i i

2
+ 3 aiagllpi — pyI?
,J
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Rigidity of pointed polytopes

WARMUP: SIMPLICES

P,Q c R? simplices,
(i) 0 € int(Q),
(i) edges in @ are at most as long as in P.

(iii) radii in @ are at least as large as in P.

Proof. For a € A, holds

Z%HMHQ = H Z Qipi
i i

2
+ 3 aiagllpi — pyI?
,J
VI (Ii)

2
+ 3 il — gl
1,J

Z aillgil|® = H Zai(h’
i i
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Rigidity of pointed polytopes

WARMUP: SIMPLICES

P,Q c R? simplices,
(i) 0 € int(Q),
(i) edges in @ are at most as long as in P.

(iii) radii in @ are at least as large as in P.

Proof. For a € A, holds

2
Sl = [ Sam| + 3 aiaylp — il
i i 1]
/\I(iii) VI (ii)

2
Sl = || aia| +5 3 awaslas - gl
i i i,J
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Rigidity of pointed polytopes

WARMUP: SIMPLICES

P,Q c R? simplices,
(i) 0€eint(Q), = 0=>_ g ... convex combination
(i) edges in @ are at most as long as in P.

(iii) radii in @ are at least as large as in P.

Proof. For a € A, holds

2
Sl = [ Sam| + 3 aiaylp — il
i i 1]
/\I(iii) VI (ii)

2
Sl = || aia| +5 3 awaslas - gl
i i i,J

University of Warwick - Martin Winter 18 / 27



Rigidity of pointed polytopes

WARMUP: SIMPLICES
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Rigidity of pointed polytopes

WARMUP: SIMPLICES

P,Q c R? simplices,
(i) 0€eint(Q), = 0=>_ g ... convex combination
(i) edges in @ are at most as long as in P.

(iii) radii in @ are at least as large as in P.

Proof. For a € A, holds
2 2 1 2
> aillpill = || Y awm| + 4D ciaylpi = sl
% i ]
I (iii) ) I i)

2
Sl = || aia| +5 3 awaslas - gl
i i i,J
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Rigidity of pointed polytopes

WARMUP: SIMPLICES

P,Q c R? simplices,
(i) 0€eint(Q), = 0=>_ g ... convex combination
(i) edges in @ are at most as long as in P.

(iii) radii in @ are at least as large as in P.

Proof. For a € A, holds

2
Sl = [ Sam| + 3 aiaylp — il
i i 1]
[ (i) () Il (i)

2
Sl = || aia| +5 3 awaslas - gl
i i i,J

Therefore P ~ Q. O
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Rigidity of pointed polytopes

EXPANSION OF POLYTOPES

Fixae A, = (o, ...0,) ¢ RYy |1+ +ap = 1}

a-expansion: || P||? = %Z azallp; — pj)?
1,7
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“If edges shrink, then the expansion decreases.”
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Rigidity of pointed polytopes

EXPANSION OF POLYTOPES

Fix a € A,

a-expansion: || P||? = Z%%sz pill?

“If edges shrink, then the expansion decreases, if cv is chosen suitably.”

Key theorem (W., 2023)

If a are the Wachspress coordinates of some interior point of P, and edges in
q : Gp — R€ are not longer than in P, then

lalla < [1P[la;

with equivalence if and only if o ~,ine P.
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Rigidity of pointed polytopes

CONSEQUENCES
Corollary.

A pointed polytope is uniquely determined (up to affine transformations) by its
edge-graph, edge lengths and Wachspress coordinates.

A polytope can be reconstructed in polynomial time (via semidefinite program).
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Rigidity of pointed polytopes

ARE WE DONE ... 7

2 2
+1Pla

> aillpil = || Y- cup

Al VI VI

2
S aillal? = | Y oar| + 112
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Rigidity of pointed polytopes

ARE WE DONE ... 7

2 2
+1Pla

> aillpil = || Y- cup
Z(I,‘(// =0 Al VI Vi
v 2
Z%H%HQ = H Zoéi%' + @Il
i i

)

What is «?

» convex coordinates of the special point in @
. and at the same time ...

» Wachspress coordinates of some point in P
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Rigidity of pointed polytopes

ARE WE DONE ... 7

2 2
+1Pla

> aillpil? = || > i
> aigi =0 Al VI VI
i 2
Z%H%HQ = H Z%‘%’ + QI
7 7

What is «?

» convex coordinates of the special point in @
. and at the same time ...

» Wachspress coordinates of some point in P

Can we have this?
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Rigidity of pointed polytopes

THE WACHSPRESS MAP ¢: P — (@)

2 2
+1PlS

> aillpil? = || > i
i 7

Al \ VI

2
S aillail® = | aia| + 1012
The Wachspress map ¢ : P — () maps
reP — a(@)eN, — o Zaz )gi € Q
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Rigidity of pointed polytopes

THE WACHSPRESS MAP ¢: P — (@)

YoailpillP= lel®  +1PI
i
Al VI VI

Zmllqul\zz le@)I* + QA

The Wachspress map ¢ : P — () maps
reP — a(@)eN, — o Zaz )gi € Q
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Rigidity of pointed polytopes

THE WACHSPRESS MAP ¢: P — (@)

Saidpl’= lz* +1IPI3
7

Al \ VI

Zmllqil\zz le@)I* + QA

The Wachspress map ¢ : P — () maps
CL‘EP'—)Q()EA '—>¢ Zaz QZGQ

The remaining question: how to find x € int(P) with ||z| > ||¢(z)]|?
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Rigidity of pointed polytopes

WE CAN HAVE IT IN SPECIAL CASES ...

Key lemma.
If PC RY and q: Gp — R® satisfy
(i) there is x € int(P) with ||z|| > ||¢(x)

(ii) edges in q are at most as long as in P,

’

(i) radii in q are at least as large as in P,

then q is isometric the skeleton of P.
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Rigidity of pointed polytopes

WE CAN HAVE IT IN SPECIAL CASES ...

Key lemma.
If PC RY and q: Gp — R® satisfy

(i) there is x € int(P) with ||z|| > ||¢(x)
(ii) edges in q are at most as long as in P,

’

(i) radii in q are at least as large as in P,

then q is isometric the skeleton of P.

Resolved special cases:
» P and g centrally symmetric
» ¢ a small perturbation of P’s skeleton

» P and Q combinatorially equivalent
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Rigidity of pointed polytopes

WHEN THE WACHSPRESS MAP CONDITION FAILS ...

o(P)
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USING WACHSPRESS COORDINATES
AND IZMESTIEV MATRIX



Wachspress coordinates and Izmestiev matrix

RECALLING THE STATEMENT

Key theorem (W., 2023)

If o are the Wachspress coordinates of some interior point of P, and edges in
q : Gp — R€ are not longer than in P, then

lalla < [IPla-

“The skeleton of P has the maximal a-expansion among all embeddings of G p
whose edges are not longer than in P.”

max  qlla

st |lgs —q;ll < llpi —psll, forallije E
q1,---,Qqn S Rn
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Wachspress coordinates and Izmestiev matrix

PROOF VIA SEMIDEFINITE PROGRAMMING

max ||Q||a
st |lg— gl < llpi —pjll, forallijeE
q1y---54n S R™

University of Warwick - Martin Winter 26 /27



Wachspress coordinates and Izmestiev matrix

PROOF VIA SEMIDEFINITE PROGRAMMING

max  [|gfla

st |l —q;ll < llpi —psll, forallije E
qis--- qn €R"

ﬂ by translation invariance

max 3, aillgil|®
s.t. Zz a;q; =0
lai = ¢; |l < llpi — psll, forallijeE
qi;--,qn € R™

University of Warwick - Martin Winter 26 /27



Wachspress coordinates and Izmestiev matrix

PROOF VIA SEMIDEFINITE PROGRAMMING

max  [|gfla

st |l —q;ll < llpi —psll, forallije E
qis--- qn €R"

ﬂ by translation invariance

max 3, aillgil|®
s.t. Zz a;q; =0
lai = ¢; |l < llpi — psll, forallijeE
qi;--,qn € R™

ﬂ dual program

min ZijeE wisllpi — pj?
st. L, —diag(a) + paa’ =0
w >0, u free
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Wachspress coordinates and Izmestiev matrix

PROOF VIA SEMIDEFINITE PROGRAMMING

max  [|gfla

st |l —q;ll < llpi —psll, forallije E
qis--- qn €R"

ﬂ by translation invariance

[P0 = max Y7 aql|p[?
s.t. Zz a;q; =0
lgi — g;ll < llpi —pjll, forallijekE
qi;.--,qn € R™

ﬂ dual program
WPIE = min 3ep Millpi — pill?

st. L, —diag(a) + paa’ =0
w >0, u free
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Wachspress coordinates and Izmestiev matrix

[ZMESTIEV’S THEOREM

Theorem. (IzmEesTiEv, 2007)

The [zmestiev matrix satisfies

3 Myl —pil* = 3 ZMuum e
ijeEE
Z (ZMU> ”pl”2 ZM’LJ Di» Dj)

- Zainpin (X7 = S el = 1P,
2 =0 2
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Wachspress coordinates and Izmestiev matrix

[ZMESTIEV’S THEOREM

Theorem. (IzmEesTiEv, 2007)
The Izmestiev matrix satisfies
(i) M;; > 0 wheneverij € E,
(i) M;; =0 whenever i # j and ij ¢ E,
(iii)
(iv)
)

(v
3 Myl —pil* = 3 ZMuum e
ijeEE
Z (ZMU> ”pl”2 ZM’LJ Di» Dj)

= ;aillpill —tr(MXp Xp = ;ainiHQ = |1Pl3-

=0
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Wachspress coordinates and Izmestiev matrix

[ZMESTIEV’S THEOREM

Theorem. (IzmEesTiEv, 2007)
The [zmestiev matrix satisfies
(i) M;; > 0 wheneverij € E,

(i) M;; =0 whenever i # j and ij ¢ E,

(i) dimker(M) =d,

(iv) MXp =0, where X}, = (p1,...,pn) € RX™,
(v)

> Mijllpi — psl* = Z ijllpi — i II?
ijeE
= Z (ZM'L]> ||p1||2 ZM’LJ pupj
= Zi:aiHPiH —tr(MXp Xp = ;ainiw = [|PII3.

=0
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Wachspress coordinates and Izmestiev matrix

[ZMESTIEV’S THEOREM

Theorem. (IzmEesTiEv, 2007)
The Izmestiev matrix satisfies
(i) M;; > 0 wheneverij € E,
(i) M;; =0 whenever i # j and ij ¢ E,
(i) dimker(M) =d,
(iv) MXp =0, where X}, = (p1,...,pn) € RX™,
)

(v) M has a single positive eigenvalue of multiplicity 1.
> Myllps —psl1* = § ZMz]”pz pill?
ijEE
Z (ZMU>HP1”2 ZM’LJ pz:pj

- Zo@-npin (X7 = S el = 1P,
2 =0 2
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“Rigidity, Tensegrity and Reconstruction of Polytopes under Metric Constraints”

(arXiv:2302.14194, accepted at IMRN)
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